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SUMMARY 

The failure probabilities of three- to nine-ply cross-laminated timber (CLT) under 
rolling shear loading are derived in closed form. The four-point bending test, as 
defined in EN 16351 for determining the mechanical property “rolling shear 
strength of the transverse plies”, is used as an example of this type of loading. The 
transverse plies in the two shear-stressed areas, located between the supports and 
the force application points, are considered to be stochastically independent com-
ponents of a series system. These components are assigned a two-parameter log-
arithmic normal distribution in order to represent the random variable “rolling 
shear strength”. The parameters of this statistical distribution are obtained from 
the definable input variables “5% quantile and coefficient of variation”. The shear 
stress distributions are determined using a simplified approach based on linear-
elastic composite theory. Reduction factors are applied to the maximum shear 
stress in the neutral axis, if the magnitude of the shear stress in the components 
varies. The failure probability of CLT under load is determined using the cumu-
lative distribution function for the resistance of a series system as well as the sim-

plest probabilistic design model. In this, only the resistance 𝑅 is a random varia-

ble, whereas the load 𝑆 is deterministic. Based on these simplifying assumptions, 

the failure probabilities of three- to nine-ply CLT are presented as functions of 
shear force and ply lay-up. The four failure probabilities are then compared with 
each other, and their key statistical values are provided. Through factor  
decomposition, the failure probabilities for seven- and nine-ply CLT are split up 
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into ply failure probabilities for the inner and outer transverse plies. Finally, the 
four CLT ply lay-ups are compared with each other for a given shear force using 
safety indices. 

 

ZUSAMMENFASSUNG 

Ausgehend von der Versuchsanordnung des Vierpunkt-Biegeversuchs zur  
Bestimmung der mechanischen Eigenschaft „Rollschubfestigkeit der Querlagen 
in Brettsperrholz“ in der Norm EN 16351 werden die Versagenswahrscheinlich-
keiten bei dieser Beanspruchung für drei- bis neunlagiges Brettsperrholz in  
geschlossener Form hergeleitet. Dabei werden sämtliche Querlagen in den beiden 
schubbeanspruchten Bereichen zwischen den Auflagern und den Krafteinleitun-
gen als stochastisch unabhängige Komponenten eines Seriensystems aufgefasst, 
denen die zweiparametrische logarithmierte Normalverteilung zur Abbildung der 
Zufallsvariable „Rollschubfestigkeit“ zugewiesen wird. Die Parameter dieser  
statistischen Verteilung werden aus den wählbaren Eingangsgrößen „5%-Quan-
tile und Variationskoeffizient“ bestimmt. Die Schubspannungsverteilungen wer-
den vereinfachend gemäß der linear-elastischen Verbundtheorie ermittelt. Treten 
in den einzelnen Komponenten unterschiedlich hohe Schubspannungen auf, so 
werden diese durch Abminderungsfaktoren für das Schubspannungsmaximum in 
der neutralen Faser bestimmt. Um die Versagenswahrscheinlichkeit eines Brett-
sperrholzaufbaus unter Belastung in Verbindung mit der Wahrscheinlichkeitsver-
teilung für den Widerstand eines Seriensystems zu erhalten, wird das einfachste 
probabilistische Bemessungsmodell zugrunde gelegt: Darin ist nur der Wider-

stand 𝑅 eine Zufallsvariable, wohingegen die Belastung 𝑆 als deterministische 

Größe eingeht. Unter den genannten vereinfachenden Annahmen werden die  
Versagenswahrscheinlichkeiten von drei- bis neunlagigem Brettsperrholz in  
Abhängigkeit von der Querkraft und dem Aufbau angegeben. Die vier hergeleite-
ten Versagenswahrscheinlichkeiten werden einander gegenübergestellt und ihre 
wesentlichen statistischen Kennwerte miteinander verglichen. Mittels Faktorzer-
legung werden die Versagenswahrscheinlichkeiten für sieben- und neunlagiges 
Brettsperrholz in die Lagen-Versagenswahrscheinlichkeiten für die inneren und 
die äußeren Querlagen aufgeteilt. Abschließend werden die vier Brettsperrholz-
aufbauten für eine vorgegebene Querkraft mit Hilfe von Sicherheitsindices  
bewertet. 
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1. INTRODUCTION 

Cross-laminated timber (CLT) has been a regulated construction product for over 
a quarter of a century, whose load-bearing behaviour and capacity have also been 
extensively investigated in combination with mechanical fasteners. Based on the 
European Assessment Document EAD 130005-00-0304 [1], a large number of 
European Technical Assessments have been issued. Additionally, German general 
technical approvals/general type approvals exist for this construction product. 
However, CLT cannot be CE marked in accordance with the European standard 
EN 16351 [2], as this has not yet been published in the Official Journal of the 
European Union. EN 16351 is currently under revision. Nevertheless, the standard 
is widely used as a technical reference document for this construction product. 

All existing building regulations pay special attention to the design of the me-
chanical property “rolling shear strength of the transverse plies”, which is becom-
ing increasingly relevant as the span-to-depth ratio decreases under bending loads 
perpendicular to the slab plane. In addition to an in-plane shear test, EN 16351 
also provides a four-point bending test to determine this mechanical property. 
When carrying out such four-point bending tests on CLT, the maximum force is 
reached when rolling shear failure has occurred in one of the transverse plies in 
the ply lay-up. Furthermore, rolling shear failure only occurs in one of the two 
areas subjected to shear force between the supports and the force application 

points (referred to below as areas 𝐴 and 𝐵), while failure in both areas simultane-

ously is not observed. 

This paper aims to derive the failure probabilities of three- to nine-ply CLT as a 
function of shear force and ply lay-up, given the definable input variables 
“5% quantile and coefficient of variation” of the rolling shear strength for a trans-

verse ply in areas 𝐴 or 𝐵. The 5% quantile of the rolling shear strength can be 

chosen based on the transverse ply design (with or without grooves in the boards, 
with or without narrow-side gluing of the boards) and the coefficient of variation 
can be taken from empirical values. 

Based on the failure patterns briefly described above, the following statistical 
modelling can be used to derive the aforementioned failure probabilities: All 

transverse plies subjected to rolling shear in areas 𝐴 and 𝐵 are each considered as 

components of a statistical series system. Unlike parallel, bridge or “k-out-of-n” 
systems, series systems are characterized by failure occurring when one of the 
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components fails. The components are simplistically but conservatively assumed 
to be stochastically independent. Varying shear stresses acting on the individual 
components are addressed using reduction factors for the maximum shear stress 

in the neutral axis. The cumulative distribution functions for the resistance 𝑅 of 

the respective series systems are specified using these assumptions. 

The simplest of all probabilistic design models is used to calculate the failure 

probabilities of CLT under an applied load. In this model, only the resistance 𝑅 is 

considered as a random variable, while the load 𝑆 acting on the CLT perpendicular 

to the slab plane is assumed to be deterministic. Only the failure mode due to 
rolling shear loading is considered. Analysing multiple failure modes in series 
systems requires separate consideration.  

The derived failure probabilities enable key statistical values to be estimated, such 
as the 5% quantile, the median value and the coefficient of variation of the shear 
force capacity for three- to nine-ply CLT. Both input variables can be varied. 
Given a shear force, the failure probabilities or the safety indices derived from 
them can be used to compare CLT ply lay-ups with different ply numbers and 
thicknesses. Through factor decomposition, the failure probabilities of seven- and 
nine-ply CLT can be split up into the ply failure probabilities of the inner and 
outer transverse plies. 

The article is structured as follows: Section 2 provides a more detailed description 
of the basic approach. Section 3 describes the statistical modelling of series sys-
tems, the statistical distributions of their components, and the shear stress distri-
butions. It also describes the probabilistic design model that is applied. Section 4 
first presents numerical values, followed by the failure probabilities for three- to 
nine-ply CLT in closed form. These are then compared with each other. To enable 
comparison between the different ply lay-ups, evaluations are carried out on CLT 

with constant ply thicknesses and cross-sectional dimensions of “1” in each case. 

Section 5 summarizes the results and provides suggestions for further modelling. 
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2. BASIC APPROACH 

The four-point bending test for determining the rolling shear strength of the trans-
verse plies in accordance with EN 16351, Annex C, Figure C.5, is the starting 
point for deriving the failure probabilities of three- to nine-ply CLT. Fig. 1a shows 

the corresponding test set-up for three-ply CLT (width 𝑏 ൌ 1, depth ℎ ൌ 1, span: 

ℓ ൌ 9 ∙ ℎ, distance between supports and force application points: 𝑎 ൌ 3 ∙ ℎ) with 

constant ply thicknesses 𝑡௜ ൌ 1 3⁄ ∙ ℎ. The areas 𝐴 and 𝐵 of the transverse ply 

between the supports and the force application points are highlighted in grey in 

this figure. Rolling shear failure in the transverse ply can occur either in area 𝐴, 

between the left support and the left force application point, or in area 𝐵,  

between the right support and the right force application point. The grey areas of 

the transverse ply are considered as components of a series system of length 𝑠 ൌ
2. This series system is shown graphically as a block diagram below the test set-

up in Fig. 1a. The components are designated according to the ply number (count-
ing from the bending tensile zone to the bending compression zone in ascending 

order) and according to whether they are located in area 𝐴 or 𝐵. Failure of the 

series system occurs when either component 2 𝐴 or component 2 𝐵 fails. 

Figs. 1b to 1d show the same test set-up for five-, seven- and nine-ply CLT with 

constant ply thicknesses and cross-sectional dimensions of “1” in each case. The 

proportions of the transverse plies in areas 𝐴 and 𝐵, in which rolling shear failure 

may occur, are also shown in grey. These can be understood as series systems of 

lengths 𝑠 ൌ 4, 𝑠 ൌ 6 and 𝑠 ൌ 8. The corresponding block diagrams are shown 

graphically below the test set-ups. For five-ply CLT, all four components of the 
series system are subjected to the same shear stress. This is obtained by multiply-

ing the maximum shear stress in the neutral axis by a reduction factor, 𝜅. How-

ever, in the case of seven- and nine-ply CLT, the components of the series systems 
are subjected to varying shear stresses according to the respective shear stress 
distribution. These can be determined by multiplying the maximum shear stress 

in the neutral axis by the reduction factors 𝜅 or 𝜅ଵ and 𝜅ଶ (see the block diagrams 

in Figs. 1c and 1d). 

To statistically represent the rolling shear strength, the components of the series 
systems shown as block diagrams in Figs. 1a to 1d are assigned a two-parameter 
logarithmic probability distribution with identical parameters. 
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For low span-to-depth ratios, the determination of the bending and shear stress 
distributions in CLT typically involves considering the non-linear distribution of 
horizontal displacements across the depth. In contrast, this paper uses the linear-
elastic composite theory to determine the shear stress distributions of the ply lay-
ups, since the equation can easily be combined with the chosen probabilistic de-
sign model. 

To determine the failure probabilities of CLT under load perpendicular to the slab 
plane, a probabilistic design model is used. The vector of base variables contains 

only one component: the resistance 𝑅 of the CLT (i.e., cumulative distribution 

function of the underlying series system). The load 𝑆 is assumed to be determin-

istic. All components of the series systems shown are subject only to rolling shear 
failure, which is assumed to be “brittle”. Other possible failure modes are not 
considered. 

  

  

(a) (b) 

  

(c) (d) 

Figs. 1a to 1d: Test set-up for determining the rolling shear strength in a four-point bend-
ing test for three- to nine ply CLT. The transverse plies subjected to rolling shear stresses 

are shown in grey. The underlying series systems are depicted as block diagrams below the 
test set-ups 
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3. STATISTICAL MODELLING 

3.1 Series Systems 

In a series system, the whole arrangement fails when one component fails. There 
are two cases that must be distinguished from each other:  

 The components of a series system are stochastically independent or 

 the components of a series system are stochastically dependent. 

If the components are stochastically independent (correlation coefficients be-

tween the components 𝜌௜௝ ൌ 0), the failure of one component has no impact on 

the failure of the remaining components. If the components are stochastically de-

pendent with positive correlation (𝜌௜௝ ൐ 0), the failure of one component will af-

fect the others. If the components are perfectly stochastically dependent 

(𝜌௜௝ ൌ  1), all components will fail simultaneously. Components with negative 

correlation do not occur in structural systems. 

Series systems with stochastically independent components are the most likely to 
fail, making this the most conservative approach. In series systems, an increasing 
positive correlation among the components results in a decreasing likelihood of 
failure. Series systems with stochastically perfectly correlated components are the 
least likely to fail (see [3]). 

Series systems with 𝑠 stochastically independent components are easy to handle 

mathematically. The cumulative distribution function 𝐹௦௬௦ሺ𝑥ሻ  of such a series 

system simply results from the product of the survival probabilities of the  
individual components: 

𝐹௦௬௦ሺ𝑥ሻ ൌ 1 െ∏ ቀ1 െ 𝐹௜൫𝜅௝ ∙  𝑥൯ቁ௦
௜ୀଵ   (1) 

 

where 𝜅௝ denote the reduction factors introduced in Section 2 for components in 

series systems with varying shear stresses. 

Series systems with 𝑠 stochastically dependent components necessitate the inte-

gration of 𝑠-multivariate probability densities, either analytically or numerically. 

The computational effort increases with the number of components, and deter-
mining the coefficients of the covariance matrix requires further effort. In [4], an 
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exact solution is provided for the special case in which all components are nor-
mally distributed, with the same safety index and correlation coefficient.  

When testing three-ply CLT in the four-point bending test (see Fig. 1a), rolling 

shear failure always occurs in the transverse ply either in area 𝐴 or area 𝐵 (𝑃௙ ൌ

𝑃ሺ𝐴 ∪ 𝐵ሻ, read: probability of occurrence of event 𝐴 or 𝐵). Simultaneous failure 

in area 𝐴 and area 𝐵 (𝑃௙ ൌ 𝑃ሺ𝐴 ∩ 𝐵ሻ, read: 𝐴 and 𝐵) cannot be observed. There-

fore, for three-ply CLT, the assumption of two stochastically independent com-
ponents is approximately fulfilled, even though the same shear force in both areas 
establishes a correlation with regard to rolling shear failure. 

When testing nine-ply CLT in the four-point bending test (see Fig. 1d), rolling 

shear failure occurs in either area 𝐴 or area 𝐵 which are assumed to be approxi-

mately stochastically independent of each other. However, the four components 
within each area are stochastically dependent on each other. This is because the 
failure of one or both of the two inner transverse plies also results in the failure of 
the outer transverse plies or a proportion of them. This failure pattern indicates 
correlated component failure. As will be demonstrated later, the components in 
the outer transverse plies have a much lower ply failure probability due to a lower 
shear stress acting there. Therefore, the stochastic dependency of the components 

within areas 𝐴 or 𝐵 can also be neglected in statistical modelling. 

3.2 Individual Components of Series Systems 

The two-parameter logarithmic normal distribution (hereafter referred to as the 
Log2P normal distribution for short) is chosen to represent the random variable 
“rolling shear strength” for the components of the series systems shown as block 
diagrams in Figs. 1a to 1d. 

The probability density function (𝑝𝑑𝑓) of the Log2P normal distribution is 

𝑓ሺ𝑥ሻ ൌ
ଵ

௫∙ఙ೤
∙ 𝜙௡௢௥ ൤

௟௡ሺ௫ሻିఓ೤
ఙ೤

൨  𝑤𝑖𝑡ℎ  𝜙௡௢௥ሺ𝑧ሻ ൌ
ଵ

√ଶ∙గ
∙ 𝑒𝑥𝑝 ቀെ

௭మ

ଶ
ቁ (2a) 

and the cumulative distribution function (𝑐𝑑𝑓) of the Log2P normal distribution 

is 

𝐹ሺ𝑥ሻ ൌ Φ௡௢௥ ൤
௟௡ሺ௫ሻିఓ೤

ఙ೤
൨  𝑤𝑖𝑡ℎ Φ௡௢௥ሺ𝑧ሻ ൌ

ଵ

ଶ
∙ ቂ1 ൅ 𝑒𝑟𝑓 ቀ

௭

√ଶ
ቁቃ  (2b) 

 

where 𝑒𝑟𝑓ሺ𝑧ሻ ൌ ଶ

√గ
∙ ׬ 𝑒𝑥𝑝ሺെ𝑥ଶሻ 𝑑𝑥

௭
଴   denotes the Gaussian error function.  



FAILURE PROBABILITIES OF CROSS-LAMINATED TIMBER UNDER ROLLING SHEAR LOADING 

 57 Otto Graf Journal Vol. 24, 2025 

The parameters of the Log2P normal distribution are the scale parameter 𝜇௬ and 

the shape parameter 𝜎௬ ൐ 0. The quantile function is 𝑥௣ ൌ 𝐹ିଵሺ𝑝ሻ ൌ

𝑒𝑥𝑝ൣ𝜇௬ ൅ √2 ∙ 𝑒𝑟𝑓ିଵሺ2 ∙ 𝑝 െ 1ሻ ∙ 𝜎௬൧. The 5% quantile 𝑥଴ହ ൌ 𝐹ିଵሺ5 100⁄ ሻ  and 

the 50% quantile 𝑥ହ଴ ൌ 𝐹ିଵሺ1 2⁄ ሻ (i.e., median value) result thus to  

𝑥଴ହ ൌ 𝑒𝑥𝑝൫𝜇௬ െ 1,645 ∙ 𝜎௬൯   (2c) 

and   

𝑥ହ଴ ൌ 𝑒𝑥𝑝൫𝜇௬൯   (2d) 

 

The coefficients of variation 𝐶௩௫ and skewness 𝐶௦௫ are used as measures of the 

spread and the deviation from the normal distribution (𝐶௦௫ ൌ 0). The expected 

value 𝐸ሺ𝑋ሻ and the variance 𝑉𝑎𝑟ሺ𝑋ሻ of the Log2P normal distribution are given 

by the first moment and second central moment, respectively  

𝐸ሺ𝑋ሻ ൌ 𝜇௫ ൌ ׬ 𝑥 ∙ 𝑓ሺ𝑥ሻ
ஶ
଴  𝑑𝑥 ൌ 𝑒𝑥𝑝 ቀ𝜇௬ ൅

ఙ೤మ

ଶ
ቁ   (2e) 

and   

𝑉𝑎𝑟ሺ𝑋ሻ ൌ 𝜎௫ଶ ൌ ׬ ൫𝑥 െ 𝐸ሺ𝑋ሻ൯
ଶ
∙ 𝑓ሺ𝑥ሻ 𝑑𝑥 ൌ 𝑒𝑥𝑝൫2 ∙ 𝜇௬ ൅ 𝜎௬ଶ൯ ∙ ൣ𝑒𝑥𝑝൫𝜎௬ଶ൯ െ 1൧

ஶ
଴    (2f) 

 

Using these statistical quantities, the coefficients of variation 𝐶௩௫ and skewness 

𝐶௦௫ of the Log2P normal distribution take the form 

𝐶௩௫ ൌ
ඥ௏௔௥ሺ௑ሻ

ாሺ௑ሻ
ൌ ට𝑒𝑥𝑝൫𝜎௬ଶ൯ െ 1   (2g) 

and   

𝐶௦௫ ൌ ׬ ൬
௫ିாሺ௑ሻ

ඥ௏௔௥ሺ௑ሻ
൰
ଷ
∙ 𝑓ሺ𝑥ሻ 𝑑𝑥 ൌ ൣ𝑒𝑥𝑝൫𝜎௬ଶ൯ ൅ 2൧ ∙ ට𝑒𝑥𝑝൫𝜎௬ଶ൯ െ 1

ஶ
଴    (2h) 

 

As can be seen from Eq. (2h), the Log2P normal distribution always has positive 
skewness, meaning it is right-skewed. 
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3.3 Determination of the Shear Stress Distribution 

An exact calculation method based on the theory of elasticity for determining 
stresses in composite materials made of layered anisotropic plies was published 
by [5]. However, this calculation method is not suitable for determining stresses 
in CLT in practice due to its mathematical complexity. [6] introduced the shear 
analogy method for determining stresses in CLT. This method is widely used in 
conjunction with standard structural analysis computer programs for CLT design. 

For CLT with up to five plies, the 𝛾-method in accordance with EN 1995-1-1 [7] 

is also frequently employed. 

However, to keep the task tractable in closed form, the following uses the linear-
elastic composite theory to determine shear stress distributions. In this case, the 
equation for the shear stress distribution is given by 

𝜏ሺ𝑧ሻ ൌ
௏∙ௌ೤ሺ௭ሻ

௕∙ூ೤
   (3) 

 

where 𝑉 denotes the shear force and 𝑆௬ሺ𝑧ሻ ൌ 𝑏 ∙ ׬ 𝑛ሺ𝜉ሻ ∙ 𝜉𝑑𝜉
௛/ଶ
௭  and 𝐼௬ ൌ 𝑏 ∙

׬ 𝑛ሺ𝑧ሻ ∙ 𝑧ଶ𝑑𝑧
௛/ଶ
ି௛/ଶ  denote the stiffness-weighted first and second moments of area, 

respectively. The ratio 𝑛ሺ𝑧ሻ ൌ 𝐸ሺ𝑧ሻ 𝐸௥௘௙⁄  is the normalized ply elasticity distri-

bution or valency function, where 𝐸ሺ𝑧ሻ is a piecewise constant function of the 

modulus of elasticity across the depth and 𝐸௥௘௙ is the reference modulus of elas-

ticity (i.e., the modulus of elasticity of the longitudinal plies). 

The shear stress “𝜏” is subsequently understood to be the maximum shear stress 

𝜏ሺ0ሻ in the neutral axis of the respective ply lay-up. Where varying shear stresses 

are present in the components of the series systems, the maximum shear stress 

𝜏 ൌ 𝜏ሺ0ሻ in the neutral axis is multiplied by reduction factors, 𝜅௝. 

3.4 Probabilistic Design Model 

The standard probabilistic design model is the 𝑅-𝑆 model, in which both the re-

sistance 𝑅 and the load 𝑆 are random variables. A detailed description of the 𝑅-𝑆 

model can be found in [8]. Failure of the 𝑅-𝑆 model occurs when the difference 

of the random variable 𝑍 ൌ 𝑅 െ 𝑆 ൏ 0. If the resistance 𝑅 and the load 𝑆 are pos-

itive random variables that are stochastically independent, the failure probability 

𝑃௙ of the 𝑅-𝑆 model is given by the following integral (see, for example, [9]) 
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𝑃௙ ൌ ׬ 𝐹ோሺ𝑠ሻ
ஶ
଴ ∙ 𝑓ௌሺ𝑠ሻ𝑑𝑠 ൌ ׬ ൫1 െ 𝐹ௌሺ𝑟ሻ൯ ∙ 𝑓ோሺ𝑟ሻ𝑑𝑟

ஶ
଴   (4a) 

 

where 𝐹ோሺ𝑠ሻ is the 𝑐𝑑𝑓 of the resistance 𝑅 and 𝑓ௌሺ𝑠ሻ is the 𝑝𝑑𝑓 of the load 𝑆. 

As previously stated, only the resistance 𝑅 is introduced as a random variable, 

while the load 𝑆 is considered deterministic. The space of the base variables is 

therefore reduced to the abscissa of the coordinate system, which is divided by 

the limit state function 𝑔ሺ𝑥ሻ into two areas: “failure” (𝑔ሺ𝑥ሻ ൏ 0) and “survival” 

(𝑔ሺ𝑥ሻ ൒ 0). In this case, the failure probability is given by  

𝑃௙ ൌ ׬ 𝑓ௌ௬௦ሺ𝑥ሻ𝑑𝑥 ൌ ׬ 𝑓ௌ௬௦ሺ𝑥ሻ ∙ 𝐼ሺ𝑔ሺ𝑥ሻ ൏ 0ሻ𝑑𝑥
ஶ
଴ሼ௫|௚ሺ௫ሻழ଴ሽ    (4b) 

 

where 𝑓ௌ௬௦ሺ𝑥ሻ ൌ 𝑑𝐹ௌ௬௦ሺ𝑥ሻ 𝑑𝑥⁄  is the 𝑝𝑑𝑓 of the resistance 𝑅 of the series system 

according to Eq. (1) and 𝐼ሺ𝑔ሺ𝑥ሻ ൏ 0ሻ is the Boolean indicator function. This func-

tion takes the value „1“ if the condition in brackets is fulfilled, and the value „0“ 

if it is not. 

The limit state function for the rolling shear stress, based on the assumptions in 
Section 3.3, is given by 

𝑔ሺ𝜏ሻ ൌ 𝑅 െ 𝑆 ൌ 𝜏 ∙
௕∙ூ೤
ௌ೤ሺ଴ሻ

െ 𝑉    (4c) 
 

As can be seen from Eq. (4c), the limit state function is linearly monotonically 
increasing. This simplifies the calculation of the failure probability to 

𝑃௙ ൌ ׬ 𝑓௦௬௦ሺ𝑥ሻ𝑑𝑥 ൌ௫ழ௚షభሺ଴ሻ ׬  𝑓௦௬௦ሺ𝑥ሻ𝑑𝑥
௚షభሺ଴ሻ
଴ ൌ 𝐹௦௬௦൫𝑔ିଵሺ0ሻ൯  (4d) 

 

where 𝑔ିଵሺ0ሻ is the zero point of the inverse of the limit state function according 

to Eq. (4c). 

 

4. FAILURE PROBABILITIES 

4.1 Assumption of Numerical Values 

To numerically evaluate the failure probabilities for three- to nine-ply CLT, ho-
mogeneous CLT with lamellas of strength class C24 in accordance with EN 338 

[10] (mean value of the modulus of elasticity in bending: 𝐸௠,଴,௠௘௔௡ ൌ

11000 N mmଶ⁄ ) is considered. The lamellas in the transverse plies of the ply lay-
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ups are assumed to be in contact with each other without narrow-surface bonding 

(𝐸௠,ଽ଴,௠௘௔௡ ൌ 0 N mmଶ⁄ ). The individual plies are glued together crosswise. The 

cross-sectional dimensions of the CLT ply lay-ups are all set to “1”. The ply thick-

nesses 𝑡௜ within the respective CLT ply lay-ups are each constant across the depth 

(three-ply CLT: 𝑡௜ ൌ 1 3⁄ ∙ ℎ, five-ply CLT: 𝑡௜ ൌ 1 5⁄ ∙ ℎ, seven-ply CLT: 𝑡௜ ൌ
1 7 ∙ ℎ⁄ , nine-ply CLT: 𝑡௜ ൌ 1 9⁄ ∙ ℎ). 

The 5% quantile of the rolling shear strength is assumed to be 𝑓௥,଴ହ ൌ

1,25 N mmଶ⁄  and the coefficient of variation of the rolling shear strength is as-

sumed to be 𝐶௩௫ ൌ 0,15. When applying the moment method, these two input 

variables uniquely define the scale parameter 𝜇௬ and the shape parameter 𝜎௬ of 

the Log2P normal distribution. 

Solving Eq. (2g) yields the shape parameter as a function of the coefficient of 

variation,  𝜎௬ ൌ ඥ𝑙𝑛ሺ𝐶௩௫ଶ ൅ 1ሻ. Solving Eq. (2c) yields the scale parameter as a 

function of the 5% quantile and the coefficient of variation, 𝜇௬ ൌ 𝑙𝑛൫𝑓௥,଴ହ൯ ൅

1,645 ∙ 𝜎௬ ൌ 𝑙𝑛൫𝑓௥,଴ହ൯ ൅ 1,645 ∙ ඥ𝑙𝑛ሺ𝐶௩௫ଶ ൅ 1ሻ. Substituting the above assumed 

numerical values yields the parameters of the Log2P normal distribution for each 

component in the series system: 𝜇௬ ൎ 0,469 and 𝜎௬ ൎ 0,149. 

Where numerical values are given below, they are based on the above assump-
tions. 

4.2 Three-ply Cross-laminated Timber 

Three-ply CLT comprises one transverse ply arranged in the middle of the depth, 

which is therefore subject to the maximum shear stress (reduction factor 𝜅 ൌ 1). 

Rolling shear failure occurs in one of the two grey areas of the transverse ply (see 
Fig. 1a). This corresponds to a series system with two independent and identically 
distributed components (see the block diagram in Fig. 1a). According to Eq. (1), 

the 𝑐𝑑𝑓 for the resistance R of the series system is therefore  

𝐹௦௬௦ሺ𝑥ሻ ൌ 1 െ ൫1 െ 𝐹ሺ𝑥ሻ൯
ଶ
  (5a) 

 

The failure probability for three-ply CLT, as a function of the shear force 𝑉 and 

the ply lay-up, can be obtained by applying Eq. (4d) at the zero point 𝑔ିଵሺ0ሻ of 

the inverse limit state function 𝑔ିଵሺ𝜏ሻ ൌ
ௌ೤ሺ଴ሻ

௕∙ூ೤
∙ ሺ𝜏 ൅ 𝑉ሻ: 
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𝑃௙ሺ𝑉ሻ ൌ 𝐹௦௬௦ሾ𝑔ିଵሺ0ሻሿ  ൌ 1 െ
ଵ

ସ
∙ 𝑒𝑟𝑓𝑐 ൥

௟௡൬
ೇ∙ೄ೤ሺబሻ

್∙಺೤
൰ିఓ೤

√ଶ∙ఙ೤
൩

ଶ

   (5b) 

 

where 𝑒𝑟𝑓𝑐ሺ𝑧ሻ ൌ 1 െ 𝑒𝑟𝑓ሺ𝑧ሻ denotes the complementary Gaussian error func-

tion.  

As can be seen from Eq. (5b), the probabilistic design model Eq. (4d) simply in-

volves inserting the equation for 𝜏 into the 𝑐𝑑𝑓 of the underlying series system 

𝐹௦௬௦ሺ𝑥ሻ. 

4.3 Five-ply Cross-laminated Timber 

Five-ply CLT comprises two transverse plies, each of which is arranged symmet-
rically around to the inner longitudinal ply, resulting in a reduced shear stress. 
Rolling shear failure occurs in one of the four grey areas of the transverse plies 
(see Fig. 1b). This corresponds to a series system with four independent and iden-

tically distributed components (see the block diagram in Fig. 1b). Using the 𝑐𝑑𝑓 

for the resistance 𝑅 of the series system, 𝐹௦௬௦ሺ𝑥ሻ ൌ 1 െ ൫1 െ 𝐹ሺ𝜅 ∙ 𝑥ሻ൯
ସ
, the fail-

ure probability for five-ply CLT, as a function of the shear force 𝑉 and the ply 

lay-up, is given by 

𝑃௙ሺ𝑉ሻ ൌ 1 െ
ଵ

ଵ଺
∙ 𝑒𝑟𝑓𝑐 ൥

௟௡൬఑∙
ೇ∙ೄ೤ሺబሻ

್∙಺೤
൰ିఓ೤

√ଶ∙ఙ೤
൩

ସ

   (5c) 

 

where 𝜅 ൌ 𝑆௬ሺ𝑡ଷ 2 ൅ 𝑡ସ 2ሻ⁄⁄ 𝑆௬ሺ0ሻ⁄ ൌ 16 17⁄  is the reduction factor to be multi-

plied by the maximum shear stress in the neutral axis. 

4.4 Seven-ply Cross-laminated Timber 

Seven-ply CLT comprises three transverse plies in total (see Fig. 1c). The inner 
transverse ply experiences the maximum shear stress, while the two outer trans-
verse plies experience reduced shear stress. This corresponds to a series system 
of six independent, but not identically distributed components (see the block dia-

gram in Fig. 1c). Using the 𝑐𝑑𝑓 for the resistance 𝑅 of the series system, 𝐹௦௬௦ሺ𝑥ሻ ൌ

1 െ ൫1 െ 𝐹ሺ𝑥ሻ൯
ଶ
∙ ൫1 െ 𝐹ሺ𝜅 ∙ 𝑥ሻ൯

ସ
, the failure probability for seven-ply CLT, as 

a function of the shear force 𝑉 and the ply lay-up, results in 
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𝑃௙ሺ𝑉ሻ ൌ 1 െ
ଵ

଺ସ
∙ 𝑒𝑟𝑓𝑐 ൥

௟௡൬
ೇ∙ೄ೤ሺబሻ

್∙಺೤
൰ିఓ೤

√ଶ∙ఙ೤
൩

ଶ

∙ 𝑒𝑟𝑓𝑐 ൥
௟௡൬఑∙

ೇ∙ೄ೤ሺబሻ

್∙಺೤
൰ିఓ೤

√ଶ∙ఙ೤
൩

ସ

   (5d) 

 

where 𝜅 ൌ 𝑆௬ሺ𝑡ସ 2 ൅ 𝑡ହ ൅ 𝑡଺ 2ሻ⁄⁄ 𝑆௬ሺ0ሻ⁄ ൌ 3 4⁄  is the reduction factor for the 

outer transverse plies. 

The 𝑒𝑟𝑓𝑐ሾ∗ሿ-terms in Eq. (5d), multiplied by a constant, represent the survival 

probabilities of the inner and the outer transverse plies. The symbol " ∗ " stands 

for the quotients in square brackets in Eq. (5d) without reduction factor. The ply 

failure probability of the inner transverse ply is 𝑃௙,௜௡௡௘௥ሺ𝑉ሻ ൌ 1 െ

1 2ଶ ∙ 𝑒𝑟𝑓𝑐ሾ∗ሿଶ⁄  and the ply failure probability of the two outer transverse plies is 

𝑃௙,௢௨௧௘௥ሺ𝑉ሻ ൌ 1 െ 1 2ସ ∙ 𝑒𝑟𝑓𝑐ሾ𝜅 ∙∗ሿସ⁄ . The failure probability 𝑃௙ሺ𝑉ሻ can be  

regained from the ply failure probabilities 𝑃௙,௝ሺ𝑉ሻ using the equation 𝑃௙ሺ𝑉ሻ ൌ

1 െ∏ ቀ1 െ 𝑃௙,௝ሺ𝑉ሻቁ
௠
௝ୀଵ . 

4.5 Nine-ply Cross-laminated Timber 

Nine-ply CLT comprises four transverse plies in total, which are arranged sym-
metrically around the longitudinal ply at the center of the depth (see Fig. 1d). The 
two inner transverse plies experience higher shear stresses than the two outer 
transverse plies. This corresponds to a series system comprising eight indepen-
dent, but not identically distributed components (see the block diagram in 

Fig.  1d). Using the 𝑐𝑑𝑓 for the resistance 𝑅 of the series system, 𝐹௦௬௦ሺ𝑥ሻ ൌ 1 െ

൫1 െ 𝐹ሺ𝜅ଵ ∙ 𝑥ሻ൯
ସ
∙ ൫1 െ 𝐹ሺ𝜅ଶ ∙ 𝑥ሻ൯

ସ
, the failure probability for nine-ply CLT, as 

a function of the shear force 𝑉 and the ply lay-up, results in 

𝑃௙ሺ𝑉ሻ ൌ 1 െ
ଵ

ଶହ଺
∙ 𝑒𝑟𝑓𝑐 ൥

௟௡൬఑భ∙
ೇ∙ೄ೤ሺబሻ

್∙಺೤
൰ିఓ೤

√ଶ∙ఙ೤
൩

ସ

∙ 𝑒𝑟𝑓𝑐 ൥
௟௡൬఑మ∙

ೇ∙ೄ೤ሺబሻ

್∙಺೤
൰ିఓ೤

√ଶ∙ఙ೤
൩

ସ

    (5e) 
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where 𝜅ଵ ൌ 𝑆௬ሺ𝑡ହ 2൅𝑡଺ 2ሻ⁄⁄ 𝑆௬ሺ0ሻ ൌ 48 49⁄⁄  is the reduction factor for the inner 
transverse plies and 𝜅ଶ ൌ 𝑆௬ሺ𝑡ହ 2൅𝑡଺൅𝑡଻ ൅ 𝑡଼ 2ሻ⁄⁄ 𝑆௬ሺ0ሻ ൌ 32 49⁄⁄  is the re-
duction factor for the outer transverse plies. 

The ply failure probability of the inner transverse plies is 𝑃௙,௜௡௡௘௥ሺ𝑉ሻ ൌ 1 െ

1 2ସ ∙ 𝑒𝑟𝑓𝑐ሾ𝜅ଵ ∙∗ሿସ⁄  and the ply failure probability of the outer transverse plies is 

𝑃௙,௢௨௧௘௥ሺ𝑉ሻ ൌ 1 െ 1 2ସ ∙ 𝑒𝑟𝑓𝑐ሾ𝜅ଶ ∙∗ሿସ⁄ , respectively. 

4.6 Evaluation of Failure Probabilities and Safety Indices 

The failure probabilities specified in Eqs. (5b) to (5e) enable comparisons to be 
made between the three- to nine-ply CLT with constant ply thicknesses and cross-

sectional dimensions of “1” (see Fig. 1a to 1d). Fig. 2 plots these failure probabil-

ities graphically on the Log2P normal probability paper (see Section 4.1 for the 
numerical values used). In this probability paper, the abscissa and ordinate are 
scaled so that a Log2P normal distribution appears as a straight line. Table 1 pro-
vides some key statistical values for these failure probabilities. These statistical 
values were calculated numerically in analogy to the equations given in Section 
3.2 for the Log2P normal distribution. 

As can be seen from Fig. 2 and Table 1, the three- and seven-ply CLT have similar 
5% quantiles and median values for shear force. The nine-ply CLT produces 
slightly lower values. The five-ply CLT differs significantly from all the other ply 
lay-ups due to its higher 5% quantile and median value for the shear force. 

 

Fig. 2: Failure probabilities of three- to nine-ply CLT with constant ply thicknesses and 
cross-sectional dimensions of “1” as a function of the applied shear force 
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Table 1: 5% quantile 𝑉଴ହ and median value 𝑉ହ଴ of the shear force as well as coefficients of 
variation 𝐶௩௫ and skewness 𝐶௦௫ of failure probabilities 𝑃௙ሺ𝑉ሻ for three- to nine-ply CLT with 
constant ply thicknesses and cross-sectional dimensions of “1” 

Ply lay-up 5% quantile Median value Coefficient of 

   Variation Skewness 

 𝑉଴ହ 𝑉ହ଴ 𝐶௩௫  𝐶௦௫ 

 N N % - 

Three-ply CLT 0,862 1,064 12,3 0,237 

Five-ply CLT 0,945 1,136 10,3 0,056 

Seven-ply CLT 0,867 1,065 11,5 0,057 

Nine-ply CLT 0,857 1,030 10,3 0,045 
 

The coefficient of variation of the Log2P normal distribution for each component 

was assumed to be 𝐶௩௫ ൌ 15 %. Due to the series system effect, the coefficient of 

variation of the failure probabilities tends to decrease as the number of compo-
nents increases, as can be seen in Table 1. According to Eq. (2h), the coefficient 

of skewness of the Log2P normal distribution for each component is 𝐶௦௫ ൌ 0,453. 

As a result of the series system effect, the coefficient of skewness of the failure 
probabilities also decreases. 

Fig. 3a shows the ply failure probabilities for seven-ply CLT, as presented in Sec-
tion 4.4, plotted against the shear force. As expected, the ply failure probability 
of the inner transverse ply increases at a significantly lower shear force than that 
of the outer transverse plies due to higher shear stress. When the failure probabil-

ity of the inner transverse ply approaches “1”, the ply failure probability of the 

outer transverse plies is only about ൎ  0,68.  

Fig. 3b shows the ply failure probabilities for nine-ply CLT, considering both the 
inner and outer transverse plies, as presented in Section 4.5. When the ply failure 
probability of the inner transverse plies approaches “1”, that of the outer trans-

verse plies is only about ൎ  0,18. This is significantly lower than the ply failure 

probability of the outer transverse plies of seven-ply CLT. 
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The safety index 𝛽 plays a prominent role in probabilistic design. For normally 

distributed random variables, a safety index of 𝛽 ൌ 0 corresponds to a failure 

probability of 𝑃௙ ൌ 0,5; increasing positive values of the safety index indicate 

decreasing failure probabilities. Here, the safety index allows for a more illustra-
tive numerical comparison of three- to nine-ply CLT under a given shear force of 

𝑉 ൌ 1 N. 

The failure probabilities derived above can be converted into safety indices using 

the equation 𝛽 ൎ െΦ௡௢௥
ିଵ ቀ𝑃௙ሺ𝑉ሻቁ, where Φ௡௢௥

ିଵ ሺ𝑥ሻ ൌ √2 ∙ 𝑒𝑟𝑓ିଵሺ2 ∙ 𝑥 െ 1ሻ is the 

inverse standardized normal distribution. The specified ply failure probabilities 

𝑃௙,௜௡௡௘௥ሺ𝑉ሻ und 𝑃௙,௢௨௧௘௥ሺ𝑉ሻ can be converted into ply safety indices 𝛽௝ using the 

same equation. The safety index 𝛽 can be regained from the ply safety indices 𝛽௝ 

using the equation 𝛽 ൌ െΦ௡௢௥
ିଵ ൣ1 െ∏ Φ௡௢௥൫𝛽௝൯

௠
௝ୀଵ ൧. 

Table 2 shows the safety indices and the ply safety indices (shear force: 𝑉 ൌ 1 N) 

for three- to nine-ply CLT. As can be seen, the five-ply CLT has the highest safety 
index by far, while the nine-ply CLT has the lowest. The three- and seven-ply 
CLT have similar safety indices. The inner transverse plies of the nine-ply CLT 
have the lowest ply safety index. 

 
  

  

(a) (b) 

Figs. 3a and 3b: Ply failure probabilities of the inner and outer transverse plies in seven- 
and nine-ply CLT with constant ply thicknesses and cross-sectional dimensions of “1” 
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Table 2: Safety index 𝛽 for three- to nine-ply CLT with constant ply thicknesses and cross-
sectional dimensions of “1” as well as ply safety indices 𝛽௜௡௡௘௥ and 𝛽௢௨௧௘௥ (for the five-ply 
CLT: 𝛽௟௢௪௘௥ and 𝛽௨௣௣௘௥) for a given shear force 𝑉 ൌ 1 N 

Ply lay-up Safety index 

 𝛽 𝛽௜௡௡௘௥ ሺ௟௢௪௘௥ሻ 𝛽௢௨௧௘௥ ሺ௨௣௣௘௥ሻ 

Three-ply CLT 0,499 - - 

Five-ply CLT 1,164 1,529 1,529 

Seven-ply CLT 0,528 0,542 2,464 

Nine-ply CLT 0,285 0,286 3,569 

 

An alternative evaluation method arises when the equation for the shear stress 
distribution according to linear-elastic composite theory is replaced by the varia-

ble 𝜏 in Eqs. (5b) to (5e). In this case, the failure probability is 𝑃௙ሺ𝜏ሻ and the three- 

to nine-ply CLT are compared on the basis of equal shear stress maxima in the 

neutral axis. Using shear stress 𝜏 as a parameter enables the failure probabilities 

of three- to nine-ply CLT to be parametrically plotted against the failure proba-
bility of an individual component. As this evaluation method essentially confirms 
the results presented so far, it is not pursued further. 

 

5. SUMMARY 

Standard EN 16351 specifies a four-point bending test for determining the rolling 
shear strength of the transverse plies in cross-laminated timber (CLT). Using this 
test set-up, the failure probabilities of three- to nine-ply CLT due to rolling shear 
failure in the transverse plies were determined as a function of the shear force and 
the ply lay-up. In areas subject to rolling shear loading between supports and force 
application points, the transverse plies were conservatively assumed to be sto-
chastically independent components of a series system. Each component was as-
signed a two-parameter logarithmic normal distribution to represent the random 
variable “rolling shear strength”. The parameters of this statistical distribution 
were determined from the definable input variables „5% quantile and coefficient 
of variation” of this mechanical property. The load acting perpendicular to the 
slab plane was treated as a deterministic variable.  
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To simplify the analysis, the shear stress distributions in the three- to nine-ply 
CLT were determined using linear-elastic composite theory. Where necessary, the 
maximum shear stress was adjusted to match the actual shear stress using reduc-
tion factors. Factor decomposition was employed for seven- and nine-ply CLT to 
demonstrate that the failure probabilities can be split up into the ply failure prob-
abilities for the highly stressed inner transverse plies and the less stressed outer 
transverse plies. 

Numerical evaluation of the failure probabilities for three- to nine-ply CLT with 

constant ply thicknesses and cross-sectional dimensions of “1” showed that five-

ply CLT has the highest shear force capacity at both the 5% quantile and the me-
dian value levels. The other ply lay-ups differed only slightly from each other at 
the 5% quantile level, while the nine-ply CLT produced the lowest shear force 
capacity at the median value level. Due to the series system effect, an increasing 
number of components tends to decrease the coefficients of variation and skew-
ness of the failure probabilities. 

The safety indices of three- to nine-ply CLT were evaluated for a given shear 
force, and the respective ply safety indices were also quantified for five-, seven- 
and nine-ply CLT. Five-ply CLT had by far the highest safety index (i.e., the low-
est failure probability), while the nine-ply CLT had the lowest (i.e., highest failure 
probability). 

The derived failure probabilities can be applied to three- to nine-ply CLT with 
arbitrary ply thicknesses. The input variables of the statistical model and ply lay-
up the can be varied. The influence of these variations will be presented in a fur-
ther paper. Using the rules of statistical inference, normal-approximation confi-
dence intervals and bands can be computed for the failure probabilities presented.  

In statistical modelling, failure probabilities depended solely on the input varia-
bles and the ply lay-up. However, this paper did not address two important factors 
that are essential for the rolling shear strength: the volume effect of the transverse 
ply thickness and the fullness of the shear stress distributions. While it is in prin-
ciple possible to incorporate these two influencing quantities using the two- 
parameter Weibull distribution, the associated mathematical effort is considera-
ble. 
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